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A. RESPONSE OF LEAD ZIRCONATE TITANATE CERAMICS TO TEMPERATURE
FLUCTUATIONS
1. Introduction
It has been found that some shapes of lead zirconate titanate (PZT) ceramics respond
to rapid temperature fluctuations when mounted in a particular geometrical configuration.
This effect is presumably caused by thermal stresses in the crystal which produce a
voltage difference across the silvered surfaces.
These units were originally constructed to serve as pressure transducers in a low-
pressure shock tube, and although a response was obtained when a shock wave (Mach
number - 1. 25) passed the transducer, the waveform was quite different from the wave-
form produced by a commercial pressure transducer. Investigation into the differences
between the waveforms led to the conclusion that the transducer was sensitive to the
temperature rise behind the shock wave.
We report some of the results obtained with the transducer in the shock tube,
describe a calibration made with a hot-air jet and a mechanical chopper wheel, and show
some sample waveforms produced by spoken digits.
2. Description of the Transducers
Three particular configurations have been tested. The first transducer constructed
is shown in Fig. IX-1c. It consists of a PZT tube mounted on the end of a section of
hypodermic needle. The tube dimensions are 1/8 inch in diameter and 1/8 inch long.
The outside of the hypodermic tubing and the inside of the ceramic tube are connected
by conducting epoxy adhesive and form the ground lead. The second lead is passed
through the center of the hypodermic tubing, and is attached (with conducting epoxy) to
the outside of the ceramic tube. A connector is attached to the other end of the hypo-
dermic tube. All of the results reported here have been obtained with this transducer.
The transducer shown in Fig. IX-1b has been found to have essentially the same
properties as the transducer described above; no detailed measurements have been
made. The construction is essentially similar except for the size and the fact that the
conductor inside the PZT tube is much smaller than the inside diameter of the tube.
This work was supported in part by the U. S. Navy (Office of Naval Research) under
Contract Nonr-1841(42).
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Fig. IX-1.
Three types of
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ducers.
A third unit, shown in Fig. IX-la, has also been tested in the chopped air jet
described below. We were not able to measure any response to temperature fluctuations
with this unit.
3. Calibration with a Chopped Air Stream
The apparatus shown in Fig. IX-2 was constructed in order to measure the temper-
ature response of these transducers.
The air jet is heated by the gas flame and is chopped by the wheel and 1600 rpm
motor. The jet is interrupted approximately 100 times per second.
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Some experimental results are shown in Fig. IX-3. The air jet temperature is
approximately 80°F, and the approximate velocities are marked on the figure. It was
not possible to obtain a very accurate estimate of the flow velocity because of air leaks
in the heat exchanger. The oscilloscope vertical sensitivity is given on the figure, and
the sweep speed was 5 msec/cm. The smooth portions of the trace occur when the jet
is off. When the jet is on the response is caused partly by the vibrations induced in the
hypodermic tubing by the turbulent air stream. The maximum levels that occur for any
stream velocity are approximately 10 millivolts.
(0) VERTICAL SENSITIVITY,
5 mv/cm;
JET VELOCITY,
18 m/sec.
(b) VERTICAL SENSITIVITY,
10 mv/cm;
JET VELOCITY,
30 m/sec.
(C) VERTICAL SENSITIVITY,
20 mv/cm;
JET VELOCITY,
42 m/sec.
Fig. IX-3. Transducer output produced by a cold jet.
When the jet is heated by the burner, much larger voltages are produced. Some
examples are shown in Figs. IX-4 and IX-5. The top portions occur when the warm jet
is cut off, and the bottom portions occur when the warm jet impinges on the transducer.
In all cases, the oscilloscope vertical sensitivity is 20 mv/cm, and the sweep speed is
5 msec/cm. The temperature of the air stream is given for each photograph. A
sensitivity curve was made from these data, and is shown in Fig. IX-6. It can be seen
that the output voltage appears to be linear with temperature rise, except near the
maximum levels that were measured. More data - particularly a more precise method
of measuring the temperature - are needed in order to obtain a better determination
of the sensitivity curve.
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(a) JET TEMPERATURE,
= 1600 F.
(b) JET TEMPERATURE,
= 1450 F.
Fig. IX-4.
Response of the transducer to
a warm chopped air stream.
(C) JET TEMPERATURE,
= 1300 F.
Fig. IX-5.
Response of the transducer to a
warm chopped air stream. Jet
temperature, 105 0 F.
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Fig. IX-6.
Plot of the measured tem-
perature sensitivity of the
temperature transducer.
(Data from Figs. IX-4 and
IX- 5.)
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Finally, the rise time of the transducer
can be determined approximately from the
waveform shown in Fig. IX-7. Here, the
air jet temperature was 125 0 F, the sweep
speed was 2 msec/cm, and the vertical
sensitivity was 20 mv/cm. The rise time
Fig. IX-7. Wave shape for finding the
rise time of the thermal (the "fall time" since the trace polarity is
transducer. inverted) is seen to be approximately
1.4 msec, which corresponds to an upper
cutoff frequency of approximately 700 cps. It has been found in other experiments that
the transducer does not respond to a steady temperature rise. No indication of the decay
after a temperature rise can be seen from this figure, however, because the chopping
speed is too fast.
4. Response to a Shock Wave
The transducer was placed in a shock tube in order to determine its response to a
temperature (and pressure) rise. Figure IX-8 is a schematic diagram of the tube and
the associated instrumentation. The pressure transducer is located in the end of the
tube; the PZT transducer is located approximately 4 inches from it in the center of the
tube. Both pressure and temperature waveforms were recorded simultaneously on the
dual-beam oscilloscope. The results are shown in Figs. IX-9, IX-10, and IX-11. The
lower trace is the output of the DYNAGAGE pressure transducer, and the upper trace
TEKTRONIX
MODEL 502DUAL BEAM
C ATHODE
OCILLOSCOPE
PHOTOCON
DYNAG1AGE
AIR SUPPLY
MYLAR 7TRASDUCR
DIAPIRAGrM PZT TRANSDUCER
- 60"
Fig. IX-8. Schematic diagram of the shock-tube apparatus.
QPR No. 77
(IX. PHYSICAL ACOUSTICS)
is the PZT transducer output. The sensitivity
for each waveform (the units are volt/psi).
pressure pulse can be found.
S of the pressure transducer is given
p
From these data the amplitude of the
(a) DIAPHRAGM BURST.
PRESSURE, 74 IN. Hg;
SWEEPSPEED, 10 msec/cm
VERTICAL SENSITIVITY,
0.5 volt/cm ( upper ),
2 volts/cm ( lower);
Sp = 0.15 volt/psi.
(b) DIAPHRAGM BURST.
PRESSURE, 74 IN. Hg;
SWEEPSPEED, 2 msec/cm;
VERTICAL SENSITIVITY,
0.5 volt/cm ( upper ),
2 volts/cm ( lower );
Sp = 0.15 volt/psi.
Fig. IX-9. Response of the pressure transducer and PZT transducer to a shock
wave generated by a mylar diaphragm that bursts at 74 in. Hg.
(a) DIAPHRAGM BURST.
PRESSURE, 47 IN. Hg;
SWEEPSPEED, 10 msec/cm;
VERTICAL SENSITIVITY,
0.2 volt/cm ( upper),
1 volt/cm ( lower );
Sp = 0.15 volt/psi.
(b) DIAPHRAGM BURST.
PRESSURE, 47 IN. Hg;
SWEEPSPEED, 2 msec/cm;
VERTICAL SENSITIVITY,
0.2 volt/cm ( upper ),
1 volt/cm ( lower );
Sp = 0.15 volt/psi.
Fig. IX- 10. Response of the pressure transducer and PZT transducer to a shock
wave generated by a mylar diaphragm that bursts at 47 in. Hg.
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(a) DIAPHRAGM BURST.
PRESSURE, 11 IN. Hg;
SWEEPSPEED, 10 msec/cm;
VERTICAL SENSITIVITY,
50 mv/cm (upper),
0.2 v/cm ( lower ),
Sp = 0.15 volt/psi.
(b) DIAPHRAGM BURST.
PRESSURE, 11 IN. Hg;
SWEEPSPEED, 2 msec/cm;
VERTICAL SENSITIVITY,
50 mv/cm (upper),
0.2 v/cm ( lower );
Sp = 0.15 volt/psi.
Fig. IX- 1. Response of the pressure transducer and PZT transducer to a shock
wave generated by a mylar diaphragm that bursts at 11 in. Hg.
Other time-of-flight measurements have been made 1 to determine the Mach number
of the incident shock. From these data, the temperature behind the shock can be cal-
culated. The results are summarized in Table IX-1. These voltages are much larger
Table IX-1. Results of calculations.
Burst pressure Shock wave Temperature PZT transducer
(in. Hg) Mach number rise ("F) output (volts)
11 1.04 16 .055
46 1.10 38 .3
74 1. 27 100 .75
than the voltages produced by the chopped air stream, even though the pressure rise is
the same order of magnitude. The reason for this discrepancy is not understood.
Figures IX-9, IX-10, and IX-11 also show a voltage decay behind the temperature
rise, and some oscillations. The voltage decay may be caused by a lack of low frequency
response of the transducer, but the oscillations that occur during decay are not under-
stood at this time.
5. Speech Waveforms
One interesting application of this ceramic transducer is to measure temperature
fluctuations in front of a person's mouth as he speaks.
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Waveform for digit zero.
Fig. IX-14. Waveform for digit two. Fig. IX-15. Waveform for digit three.
Fig. IX-16. Waveform for digit four.
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Fig. IX-13. Waveform for digit one.Fig. IX-12.
7-1
Waveform for digit five.
Fig. IX-19. Waveform for digit seven. Fig. IX-20. Waveform for digit eight.
Fig. IX-21. Waveform for digit nine.
QPR No. 77
Fig. IX-17. Fig. IX-18. Waveform for digit six.
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This application has not been investigated thoroughly, but some preliminary results
for spoken digits zero through nine are shown in Figs. IX-12-IX-21. Two waveforms
of each number are shown in order to estimate the repeatability of the waveform. It can
be seen that not all of the features are repeatable, although the general shape of the
waveform is the same. The PZT transducer was held in the hand when the photographs
were taken, and this may account for some of the lack of repeatability.
The oscilloscope was triggered by a condenser microphone placed -1 ft from the
speaker's mouth. All data were obtained in the anechoic chamber of the Research
Laboratory of Electronics.
In all of the figures, the sweep speed was 50 msec/cm, and the vertical sensitivity
was 20 mv/cm.
Each digit appears to have a reasonably characteristic waveform, and the fluctuations
take place rather slowly. Waveforms produced by vowels or other speech sounds have
not been investigated.
G. C. Maling, Jr., U. Ingard
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B. SPONTANEOUS INSTABILITY IN PARALLEL FLOWS
Quarterly Progress Report No. 76, p. 75 contained a simple proof of the instability
of all time-symmetric systems, including the inviscid, parallel flows. The argument
used did not distinguish between "spontaneous" instability, that is, the amplification up
to macroscopic levels of perturbations initially smaller than any given positive bound,
and "passive" instability, that is, the permanent alteration of the character of the flow
under gross perturbations. We shall exhibit a class of such "infinitesimal" perturbations
for inviscid, stationary, parallel flows, or parallel plasmas with collinear magnetic
fields, which always yield "spontaneous" instability. This work is a generalization of
an earlier result (Quarterly Progress Report No. 68, p. 45) for incompressible flow.
We begin by demonstrating that stationary, nondissipative, parallel flows are in fact
homogeneous along streamlines. For a velocity field v(x) = Elw(x), and if the fluid be
a plasma, a magnetic field B(x) = ElBl(x Z , x 3 ), the conservation equation for mass
becomes V- pv = 8 pw = 0, so that
pw(x) = m(x 2 , x 3 ). (1)
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From the momentum conservation equation, we have also
pwaw + a (+ - B 1 B = ma 1 1m a p + = 0( pW + 8 ) 41T - 1 1 + p 1 1 Pl
so that
2
m (x 2 , x 3)
p(x) + (x f(x2  x3)  (2)
dS
For a thermally nonconducting fluid, we have -dt- wa S = 0, with the result that
S = S(x2 , x 3 ). If the equation of state
p(x) = p(p(x), S(x ,x 3)) (3)
for the fluid at x is independent of (2), then (2) and (3) together determine a set of iso-
lated solutions for p(x) and p(x). Moreover, since (2) and (3) are independent of x l , p
m
and p will be also. Thus p, p, S, and v = - are all constant on streamlines.
P
The exceptional case, for which (2) and (3) are, for some range of p and p, not inde-
pendent, can occur only if
p(p, S) = a(S) b(S) (4)
P
over that range, and if in addition f(x 2 , x 3 ) = a(S(x Z , x 3 )) and m 2 (x 2 , x 3 ) = b(S(x 2 , x 3 )) for
some S. The equation of state (4) cannot be excluded on thermodynamic grounds; how-
ever, it does contradict physical experience. The speed of sound for such a substance
would be
C 2 : _ b(S) (5)
whereas for real substances the speed of sound increases with density. It is precisely
this decrease with density which in fact enables stationary density and pressure varia-
tions to persist in spite of the convective action of the flow. For, combining (1), (5),
and the second relation following (4), we get
b(S(x 2 , x3)) m (x, x 3 ) (
C (x) W = v (x)
p (x) p (x)
so that the flow velocity adjusts itself to bring an upstream acoustic wave to rest at each
point.
This entire argument applies to perfectly heat-conducting fluids, the only remaining
nondissipative type, if S is replaced by T, which is necessarily independent of the xi.
'1"
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We are now in a position to demonstrate the spontaneous instability of nondissipative,
stationary, parallel flows, except for the peculiar, nonhomogeneous type discussed
above; namely, to develop a class of infinitesimal perturbations that, in lowest order,
grow without bound.
It is not hard to show that in order to yield such instability, a perturbation must
involve the velocity field. For the present case we shall see that it suffices to perturb
only the velocity field.
Given the parallel flow (v = 1 w, p, S), then (v+u, p, S) will also be a flow provided
that u satisfies in lowest order
V pu = 0, (6a)
au
-
+ (v. V)u + (u. V)v = 0, and (6b)at
(u. V) S = 0 (thermally nonconducting fluid only). (6c)
For unperturbed flows independent of x1 , Eqs. 6 become cyclic in x1 . It follows
that u will always be independent of x1 if it is initially. Taking u = u(x2 ,x 3 ), we get
a2 PU2 + a3 PU3 = 0 (7a)
au 2
at + u232w +u3 3w = 0 (7b)
u2
at = 0 (7c)
au
t = 0 (7d)at
(u2 a 2S+u3 a3 S = 0) (7e)
According to (7c) and (7d), u2 (x,t) = u (0)(x,x 3 ) and u3 (x,t) = u (x2 , x3 ) , so that
Eq.7a (and, if appropriate, Eq.7e) will always be satisfied if it is initially. We can always
satisfy (7a) and (7e) by taking pu(0) = a S and pu 0 ) -Ea S
, 
i. e. by using in the plane
2  3 2
a stream function proportional to the entropy. This measure is not necessary in isen-
tropic regions or in perfectly heat-conducting fluids.
The remaining Eq. 7b integrates at once to
(0) (0) (0)ul(x,t) = u 0)- tu0) a w - tu 0)3w. (8)
We have arrived at what may be called a purely convective instability in nondissi-
pative parallel flows, namely, a class of perturbations that are constant along stream-
lines, and involve only the velocity field, which, in lowest order, produce linearly
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growing disturbances of the velocity field only. The streamlines _ 1w(x 2 , X3 ) of the
unperturbed flow are carried bodily along the streamlines of the steady, perturbing,
convective field (u2 , u 3), so that the change in u1 at x is precisely the change in the
strength w of the streamline of the unperturbed flow as it is convected past that point
and, to lowest order, equals the gradient of w against the streamline of (u2 , u 3 ) multi-
plied by the displacement along the streamline or roughly t u 2 + u3 , in agreement
with (8).
It is illuminating in this connection to replace (7b) by the exact equation for
V1 = w + u1'
8V
+ u(0) 2V + u(0) 3V1 = 0 (9)
which has the solution
V1 (x2 , x 3 , t) = V )(X , X 3 ), (10)
( (0)
where X is the Lagrangian coordinate associated with (u0) , u . For small t, (10)
agrees with (8), yielding linear growth for u l , as expected; but for larger t, (10) rounds
off and ul(x, t) never exceeds the largest value of V( 0 ) - w along that streamline of
(u 2 , u3 ) which passes through x.
In case w is totally independent of x, the coefficients multiplying t in (8) vanish
identically, so that the linear growth fails to appear. Such a flow, however, is just a
Galilean translate of the null flow, that is, no flow at all. All nontrivial, nondissipative,
stationary parallel flows exhibit the spontaneous instability.
H. L. Willke, Jr.
C. DISPERSION RELATION FOR ULTRASOUND IN GYROTROPIC QUANTUM
PLASMA
We report here a novel contribution to the slowly developing field theory of coupled
electron-phonon systems.
The importance of the Feynman diagrammatic technique as a calculational tool in
statistical physics is now probably well-known, and it requires only a slight stretch of
the imagination to see that much more of the mathematical apparatus of quantum field
theory (as it is now known), than just the Feynman diagram, can be used with advantage,
mutatis mutandis, outside the context of elementary particle physics. We have in mind
in this report, the method of single-variable dispersion relations.
We have used this technique in the study of the causal aspects of the problem of
ultrasonic absorption in simple metals in a static magnetic field. Specifically, we have
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derived the dispersion relation for the scattering of phonons from electrons in a mag-
netic field.
An interacting electron-phonon system is momentarily created when a beam of
phonons, specified by a current vector J(r, t) enters a solid, and eventually gets out of
it, at a modified intensity. The external source of phonons is, typically, an ultrasonic
wave generated by transducers in contact with the crystal. Then, under the assumption
that this source establishes a single-frequency phonon spectrum in the solid, the atten-
uation of sound should be affected not only by single phonon processes, but also by multi-
phonon processes.
In this report we discuss only forward dispersion relations. It has been found that
nonforward dispersion relations cannot be derived for this system.
We construct conjugate electron fields (x), T(x):
(a) = as z) s (I )
Pz' S
pzP s
= P(x ) = a (p z z s
p z sPz) S
where zp (s) (pz, )Xs obeys
z
the familiar equation
+Z- +~ + m + -c2 z iWH - E (pz' X) s = 0,
in which z ( Xs = ) for spin up, and Xs = for spin down. Here, a and
a are annihilation and creation operators with respect to a vacuum, which is a full
Fermi sea, they satisfy the usual anticommutation rules for fermions. We are
using the free-electron model for electrons in metals.
The energy levels are given by
2
n, a z 2m 2 a H
where aa = 1 for spin up, a-a = -1 for spin down, and n = 0 or an integer. Assuming a
coulombic electron-ion interaction, an electron-phonon interaction Hamiltonian, Hint ,
is readily derived in the form
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Hint e
IPz=z qzk,,
+ Qt(q) ei r)dF z () pzF) -Q () e-pzN17
-iK • F
nmmE* z e
x 6- -p' - P q, Kn-P'+Pz z nz z
4rrZ e2 N
where , Z is the ion valency, K is an arbitrary reciproc
e mV ' n
and Q (4) is the 4th Fourier component of the displacement of
sponds to a polarization i (. = 1, 2., 3).
From Hint, we may define a free (vector) phonon field,
(7) = i W )V(-Q (q) e - i "
- f NV
a lattice
al lattice vector,
site and corre-
f~ j- i~*f\+Q (~) e
fJ.
and a "bare" coupling function
q, Ppz
n
e
-w( )
-iK - r
n
m e n
(pz' -p) q, K n-Pz+p
The latter we may, for simplicity, denote by g(F). ;(r) may be put into a second quantized
form
2 b (q)
in which the annihilation and creation operators b (q), bt(q) obey the usual commutation
rules for bosons.
In terms of the new (unrenormalized) quantities, we have
Hint =
q, pzPz
Since there is no derivative coupling involved, this may be identified with the negative
of an interaction Lagrangian, L(r), from which we deduce our S-matrix,
fo L(z) dz)
S = Tei
where z - (7, t) and all time translations are obtained by the unitary transformation
i(H o-tN ) t -i(H o-N) tO(t) = e Oe
QPR No. 77
B~F~= )i e-q. r + b 
(q) e i -q r
d'f W F z r) (r) g~r dr H(r-).
pz z (
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where Ho is the unperturbed Hamiltonian, ji is the chemical potential, and N is the num-
ber of particles in the system.
In keeping with the spirit of this method, we now specify a number of fundamental
postulates, among which are the existence of a stable vacuum (full Fermi sea), stable
single particle states, a group of translations which transforms according to a certain
unitary representation that also describes the transformations of the S-matrix and of its
functional derivatives, a completeness relation for the combined electron-phonon states,
and a causality condition expressed as
6u(y)u(x) 0 for tyo 
- x < 0
2 22
or (-x) - c t > 0.
This condition of causality can be shown1 to be intimately connected with the physical
concepts of renormalization, according to which, in the viewpoint that we adopt here, the
free fields Q(R), 4(), defined above, and the electron-phonon vertex F (R) are trans-
formed:
and r (x) - Z 1 () (k), when and only when the electron-phonon interaction is "switched
on." The function g(F) is transformed as g(-) - Z 2 Z 1 Z1/2g(), and all conceivable
infinities are eliminated.
We consider the process shown schematically in the following diagram.
e e
The scattering amplitude which describes this process may be defined as
p s';q'P'[S pzs; ( = b(p -pz 6ss' (~ -q) 6
1 -
+~ ~w(' (pz zq -p- ) E(pz)+wq')-E(pzh 
X f s, ;, (p''; p z); s = {all discrete parameters)
By means of a contraction scheme involving the commutators of the S-matrix with
the various creation and annihilation operators, we may reduce the matrix element
<finall S initial> to one between electron states only. We may then proceed to relate
the scattering amplitude to two auxiliary functions F a , F r , which are of the nature
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of "advanced" and "retarded" functions, respectively.
This is a convenient way of glossing over the complicated algebra which brings us
to the following remarkably simple results:
(1) The amplitude for phonon absorption exceeds the amplitude for phonon emission
in the ratio 3 to 1 for forward scattering, so there is an over-all ultrasonic attenuation.
(2) Two forward-dispersion relations may be written for the electron-phonon system.
The first one, which is similar to the Kramers-Kronig relation for light waves, is
Re f(w) = g 2 h/mc + 2 co') 2 dw'
2r c 0 o,' -
and is independent of the magnetic field. Here, ,-(w) is the cross-section, W is the phonon
energy variable, and g2 is the electron-phonon coupling constant. The second dispersion
relation is magnetic field-dependent and is
Re f(w) = gi h/mc + P2 o(W) W'2 dw'
2 rc co -W
2
where l 2 , S is the unrenormalized speed of sound, and 0 is the inclination of
cos 0
sound wave vector to magnetic field in the z-direction.
Of the five possible ultrasonic absorption phenomena in solids, geometric, cyclotron,
and open-orbit resonances, de Haas-van Alphen type, and giant quantum oscillations,
we are of the opinion that the second dispersion relation describes giant quantum oscil-
lations, while the first describes all of the other ordinary absorption phenomena.
A number of deductions could be made from this relation:
(a) There is a nonzero frequency threshold for the onset of absorption of the giant
quantum type.
(b) This threshold is a minimum for propagation parallel to the field and recedes to
infinity as propagation approaches the transverse direction. Therefore we cannot expect
to find such oscillations for transverse propagation at any frequency.
(c) Knowing this threshold, we may determine the value of the parameter, m, which
is of the form of an effective mass. Numerical estimates with ol ~ 10 Mc/sec, give
m - 0. 01 times the free electron mass, which appears reasonable.
(d) Since wl is nonzero, we may introduce the concept of an effective phonon mass
in a magnetic field. This mass, 4(60), is dependent on the propagation direction.
A. A. Maduemezia, K. U. Ingard
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D. DIFFUSION WAVES
Consider a simplified model of a weakly ionized gas, in which the electrons are
assumed to diffuse instantaneously (T e - oo) and form a uniform negative background.
Then, if the ion mobility is neglected, and the first-order perturbation in the ionization
rate Z is proportional to the perturbation in the electric field E, the ion continuity
equation is
nt = yNe
where n is the perturbation in ion density, e
= (dZ/dE)o , and N is the unperturbed density.
e = qn
where q is the electronic charge.
If we set
t' =t
x'= yqNx
n' = n/N
e' = -ye
and drop the primes, Eqs. 1 and 2 become
nt = -e;
is the perturbation in electric field,
Also, we use the Poisson equation
(2)
e = n.
x
(The negative sign was inserted to give wave motion in the positive x-direction.)
Equation 4 may be written as a single equation for n (or e),
ntx + n = 0.
With a solution of the form exp(ikx-iwt), Eq. 5 gives a dispersion relation
Vph = w/k = -1/k 2 ,
ph Vgr = dw/dk = 1/k
2
.gr
The group and phase velocities are opposite in sign, as can be seen by examining a
wave-packet solution of Eq. 5. The general solution of Eq. 5 is
n(x, t) = 
-oo
N(k) exp(ikx+it/k) dk.
We choose N(k) = (1/T) exp -(k-ko)2/4) where k >> 1, and evaluate the integral in Eq. 7
by expanding the exponential about k = ko using the saddle-point method. Then0
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n(x,t) = exp(- x-t/k2 2 exp(ikox+it/k ). (8)
This solution is presented graphically in Fig. IX-22 for k = 4. We see that the indi-
vidual waves propagate in the -x direction, while the wave packet propagates in the
+x direction.
t = 0
-10
t=2
p tVph
0-1
t=6
0
-2 -1 0 1 2 3
Fig. IX-22. Propagation of wave packet.
Some other properties of diffusion waves may be found by studying Eq. 5. This
equation may be derived from the Lagrangian
L= ntn -n 2 .  (9)tx
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Calculation of the stress-energy tensor components I gives
canonical momentum
"stress" density
"energy" flow
wave momentum density
= n
x
2
= n
2
= n
2
n
(10)
"energy" density (Hamiltonian) = n .
The divergence of the stress tensor gives an "energy" conservation equation which
enables us to find an "energy" flow velocity.
(n2 )t + () (11)
For a wave moving with the energy flow velocity U,
d/dt = U d/dx;
thus
and
(nt +Un 2)x= 0
2 2U = -n t / n ,
(12)
(13)
which is the group velocity
The waves produced by
2
gr
an impulse at t = 0
netic waves. To illustrate this, we use Eq. 7.
n(x, 0) y=
- C
show a similarity to certain electromag-
Since
N(k) exp(ikx) dk, (14)
if we choose N(k) = 1/2T, then n(x, 0) = 6(x). If we define
kx + t/k = Jx(kxiT + = i2 cos u
where exp(iu) = kx-t and dk = iJtTx exp(iu) du, Eq. 7 becomes
(15)
n(x, t) = (i/2ir) f7- I 2-
"j0
exp(2i-x cosu) exp(iu) du = -- J1 (2 -),
which is shown graphically in Fig. IX-23. The fact that wave motion is not observed in
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t=
0
0
-1
-2
0 4 8 12 16
Fig. IX-23. Propagation of impulse.
the -x direction may be expected because Eq. 5
is not symmetric in x. Figure IX-23 shows
that, although the disturbance propagates away
from the origin, the individual waves move
toward the origin. Thus the first zero of n
is at x = 4 for t = 1 and is at x = 2 for t = 2.
It is also evident that the long-wavelength
components of n propagate faster than the
short-wavelength components, as one would
expect from the dispersion relation.
The results of Eqs. 14-16 are also
obtained for the case of "forerunner" light
waves,2 which travel with velocity c in a
dispersive medium. These light waves are
called forerunner waves because they are
received before the main signal, which
travels at the group velocity, which is less
than c. The forerunners are illustrated in
Fig. IX-23 in a coordinate system moving
with velocity c.
The characteristic curves for Eq. 5 are
x= const and t= const. This suggests that, by
rotating the coordinates 45 , Eq. 5 can be
brought into the form of a wave equation. If
we set .= x+t, and c= x-t, Eq. 5 becomes
n -n - n = 0, (17)
which is the Klein-Gordon or Telegrapher's equation. The Green's function for Eq. 5
is found to be
G(x, t; xo , to)= Jo(2 (x-x (t-to) ) (18)
by transforming the Green's function for Eq. 17. In formulating an initial-value prob-
lem for Eq. 5, we cannot specify both n(x, 0) and nt(x, 0), since t = 0 is a characteristic
curve.
There are several known examples of materials with group and phase velocities in
opposite directions. Lamb 3 gives the case of a wire that is subjected to a longitudinal
thrust (rather than tension) and to a linear restoring force. The equation of motion for
transverse vibrations (in suitable units) is
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Ytt + Yxx + y = 0. (19)
These vibrations have a dispersion relation
2 2(20)
w = 1 - k (20)
Since
d(w2 ) /d(k 2 ) = V V = -1, (21)gr ph
it is seen that Vg r and Vph are in opposite directions. The dispersion relation, Eq. 20,
is, however, considerably different from the dispersion relation, Eq. 6. Lamb also
refers to a model discussed by Rayleigh 4 of a wire under tension, which has a linear
restoring force, rotatory inertia, but negligible stiffness. Lamb states that this model
may apply to "a cylindrical wire with a series of close equidistant peripheral cuts
extending nearly to the axis." If we neglect the tension, the equation of motion is
Ytt + y - Yxxtt = 0, (22)
and the dispersion relation is
2 = 1/(l+k2), (23)
which is the same as Eq. 6 when k is large.
It is clear that the dispersion relation w = -1/k cannot be valid for very small or
very large k. For k very large (short wavelength), the dispersion relation predicts
very small wave speeds. This implies that steep gradients in n tend to remain
stationary. This result is due to the neglect of pressure-gradient forces. When pres-
sure is included, the phase and group velocities both approach the speed of sound, when
k is large. For very small k (long wavelength), the dispersion relation predicts very
large wave speeds. As small k implies large w, these waves involve very rapid changes
with time. With these very rapid changes, it is no longer correct to neglect inertial
forces and assume that the electrons diffuse instantaneously. With these corrections
made, both the phase and group velocities remain finite for small k.
It is these additional terms that make diffusion waves of interest in the study of gas
discharges. With the coupling between sound waves and diffusion waves included, the
dispersion relation takes the form 5
W - 2 + (24)
where one mode has zero group velocity for k = 1. These results are more complicated
for finite electron temperatures.
S. D. Weiner, U. Ingard
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